Below 1000 K it is thought that fission gas diffusion in nuclear fuel during irradiation occurs through atomic mixing due to radiation damage. This is an important process for nuclear reactor performance as it affects fission gas release, particularly from the periphery of the pellet where such temperatures are normal. Here we present a molecular dynamics study of Xe and Kr diffusion due to irradiation. Thermal spikes and cascades have been used to study the electronic stopping and ballistic phases of damage respectively. Our results predict that O and Kr exhibit the greatest diffusivity and U the least, while Xe lies in between. It is concluded that the ballistic phase does not sufficiently account for the experimentally observed diffusion. Preliminary thermal spike calculations indicate that the electronic stopping phase generates greater fission gas displacement than the ballistic phase, although further calculation must be carried out to confirm this.
enced during reactor operation [1] . A particular problem for nuclear fuel is the release of the fission gases Xe and Kr from the pellet and into the helium-filled clad-pellet gap. This has the combined effect of reducing thermal conductivity and increasing the pressure of the plenum or cladding [2] . Other than causing an increased risk of centerline pellet melting, the high temperatures arising due to poor gap thermal conductivity also give rise to higher mobility and additional release of fission gases [3] [4] [5] , further exacerbating the problem. A mitigating factor could be an increase in pellet thermal conductivity as the concentration of fission gas in solution in UO 2 is reduced [6] . Nonetheless, an eventual consequence of continued fission gas release is the rupturing of the cladding material and this represents a very real problem for nuclear reactor operation. As discussed by Turnbull et al. [7] there are three regimes for gas diffusion: i) higher temperature (> 1500 K) intrinsic diffusion, ii) intermediate temperature radiation enhanced diffusion and iii) the low temperature (< 1000 K) irradiation induced athermal contribution. In the latter case, which is comensurate with temperatures in the periphery of the fuel pellet, it is thought that the atomic mixing, which occurs during damage, drives gas mobility. An additional complexity arises during burn-up as U is transmuted to other actinides, in particular Pu 239 . Alternatively, PuO 2 [8, 9] or ThO 2 [10] can be blended with UO 2 to form MOX fuels. It is, therefore, important to consider how such changes to the host lattice could alter fission gas behaviour and impact fuel performance. The use of Ce as a surrogate for Pu [11] or U [12] means CeO 2 is also of interest.
The underlying mechanisms for fission gas behaviour, as discussed, are complex and interrelated, whereby the temperature and radiation flux in the pellet have important effects [7] . There has been a strong focus on investigating the impact of fission gas on thermal conductivity [6] , fission gas mobility in the bulk lattice or at extended defects [3-5, 13, 14] and the behaviour of fission gas bubbles [15] [16] [17] . By understanding and predicting these processes over a range of conditions, in particular a large temperature range, a greater understanding of fuel behaviour can be achieved. However, the accuracy of atomic scale simulations is underpinned by the models and theories upon which they are based. In particular, MD simulations are highly dependent upon the ability of a parameter set to accurately describe the properties of both the host UO 2 (or MOX) and the interaction of fission gas with the host lattice. Previously, Cooper, Rushton and Grimes (CRG) developed a many-body potential for pure actinide oxides and their mixed oxides [18] [19] [20] . The potential is capable of accurately predicting a large number of the thermophyscal properties of these systems from 300 K to 3000 K. In particular, this is the first instance of an empirical potential being able to reproduce the bulk modulus of UO 2 from 300 K to 3000 K. Here we build upon this work by developing potentials for gas-oxygen and gas-actinide interactions that are consistent with this many-body actinide oxide potential set and that will enable the behaviour of fission gases in mixed oxides to be investigated. A combined classical MD and DFT force matching fitting approach will be presented. The new model is validated against literature and newly presented DFT defect binding energies for Xe and Kr in CeO 2 , ThO 2 , UO 2 and PuO 2 .
Subsequently, the newly parametrised potential has been used to investigate the low temperature irradiation induced athermal contribution to fission gas mobility. Thermal spike and cascade simulations have been under taken to investigate the electronic stopping and ballistic phases of irradiation respectively. 
Methodology

Potential model
MD simulations, employing a set of interatomic potentials for CeO 2 , ThO 2 , UO 2 and CeO 2 derived previously [18] [19] [20] 1 , are carried out using the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) [22] . In this model the potential energy of an atom with respect to all other atoms has two components -i) a pair potential description of each system and ii) a many-body embedded atom method (EAM) contribution, using the model of Daw and Baskes [24] . A more detailed description can be found in Ref. [18] [19] [20] .
Although the parameters for the actinide oxide systems have been developed previously, parameters must still be derived for the interactions of Xe and Kr with the actinide and oxygen species. A detailed description of this fitting procedure follows in Section 2.2. Due to Xe and Kr being inert gases, the interactions with host cation and oxygen ions were adequately described with the purely pairwise Buckingham potential (equation 1), with no many-body, coulombic or Morse description being necessary. Note also that the gas-gas interactions used here were developed previously by Tang-Toennies [29] , enabling mixed gas Xe-Kr systems to be studied.
Fitting proceedure
The fitting procedure for gas interactions with the host actinide oxide is conducted over three stages: i) firstly structure matching is carried out to DFT energy minimised Xe/Kr defects in CeO 2 , ThO 2 , UO 2 and PuO 2 to develop an initial set of potential parameters, ii) using this initial attempt, structures are generated using MD for Xe or Kr at a bound Schottky trio in CeO 2 , ThO 2 , UO 2 and PuO 2 at temperatures of 300 K, 1500 K, 3000 K and 5000 K (at which temperature the structure is liquid) to ensure a significant sample of representative configurations and, finally, iii) the potential parameters are readjusted to reproduce the forces on Xe and Kr predicted by DFT for these MD configurations. Stages ii) and iii) can be repeated using updated parameters until a satisfactory match is achieved. This procedure is illustrated in Figure 1 with stages i)-iii) labelled and the final parameter set is reported in Table 1 . This approach aims to include insight from DFT on the temperature effects of fission gas behaviour, while avoiding computationally expensive DFT-MD calculations. In line with the fitting approach used for the actinide oxides [18] , the ρ parameters are scaled to the ionic radii of the actinides involved. Gas-oxygen interactions are kept the same for all systems to enable the possibility of modelling Xe and Kr in mixed oxides. Gas-gas interations where not fitted here and the potential developed by Tang-Toennies [29] has been used throughout. For the generation of MD configurations, calculations were carried out on 2 × 2 × 2 fluorite supercells so that subsequent DFT force calculations were manageable. An NVT ensemble was used with a thermostat relaxation time of 0.1 ps at 300 K, 1500 K, 3000 K and 5000 K and a timestep of 2 fs.
DFT details
DFT calculations were carried out using with the plane-wave Vienna ab initio simulation package (VASP) [30] with PAW pseudo-potentials. The exchange correlation term was modelled using the generalised gradient approximation (GGA) of Perdew, Burke and Ernzeroff (PBE) [31] . A consistent plane wave cut off of 500 eV was applied to the standard projected augmented wave (PAW) potential approach. The magnetic ordering of UO 2 was described with the 1k antiferromagnetic ordering [32, 33] . CeO 2 and and ThO 2 were maintained as non-magnetic. In order to describe the behaviour of the localised cation f states the orbital-dependent, Coulomb potential, U , and the exchange parameter J were used within DFT+U [34, 35] . The values of U and J for each oxide were taken from established literature data [36] [37] [38] [39] . To include van der Waals (vdW) interactions the pairwise interactions of Grimme [40] are implemented. To avoid metastable states U-ramping was applied to the perfect supercell in advance of the defect calculations [41] . For all calculations a 2 × 2 × 2 fluorite supercell was used, with 2 × 2 × 2 Monkhorst-Pack k-point mesh. Gaussian smearing of bands was performed with a broadening width of 0.1 eV. Geometry relaxation of internal coordinates was achieved until the energy differences between two consecutive steps was below 1 × 10 −4 eV, or all forces were less then 1 × 10 −2 eVÅ −1 . The convergence criteria were selected on the basis that it would be difficult to fit an empirical potential to DFT forces with greater accuracy than this.
End
Start
A single gas atom was used as the reference energy for the calculation of gas incorporation energies. As the only defect reactions considered maintain the charge on the supercell, it was not necessary to correct for interactions between the defect and the charge compensating background. Any such correction would cancel out (see reactions 2-4).
Radiation damage calculations
Following the development of gas potentials, MD calulations were carried out to investigate radiation damage by thermal spike and cascade simulations, representing the electronic and ballistic stopping phases of irradiation respectively. To prevent unrealistic forces at the short separations, accessed due to such high energy events, a ZBL potential was splined between 1.0 Å and 1.6 Å to the CRG+gas potential developed in this work. The next step was to create a 35×35×35 UO 2 supercell with 1 % uranium cations randomly replaced with Xe or Kr atoms and 1 % oxygen anions randomly removed (to maintain charge neutrality). To enable the oxygen species to migrate to the lowest energy configuration, the system was annealed at 2000 K and then cooled to the temperature of interest (600 K) in the NPT ensemble at zero pressure and using barostat and thermostat relaxation times of 0.1 ps and 0.5 ps respectively. This fully equilibrated 35 × 35 × 35 UO 2 supercell was used as the starting point for subsequent damage calculations.
Three thermal spike calculations were conducted by depositing 30 keV/nm, 50 keV/nm and 70 keV/nm of kinetic energy into a cylindrical region (axis in z direction) with a radius of 2.00 nm, 3.76 nm and 4.98 nm, respectively, at the center of a 70×70×35 UO 2 fluorite supercell (2,058,000 atoms). These radii and energies were chosen based on the post-irradiation experiments of Toulemonde et al. [42] . The energy was introduced by randomly rescaling the atomic velocities within the cylindrical region to the appropriate temperature with the constraint that the velocities observed a typical Boltzmann distribution. Due to the large energy deposited within the system it was necessary to use a heat bath in the region within 20 Å of the x and y periodic boundaries, whereby the atomic velocities within this boundary were rescaled every timestep to 600 K. This ensured that heat was gradually removed throughout the simulation and it returned to the initial equilibrium temperature after 170 ps. Throughout the thermal spike calculations the MSD for each species was calculated.
Cascade simulations were conducted by selecting a uranium cation and scaling its velocity in a random direction with a kinetic energy of 10 keV, 25 keV, 50 keV and 75 keV within a 70 × 70×70 UO 2 fluorite supercell (4,116,000 atoms). The damage cascade was subsequently allowed to evolve in the NVT ensemble until the system returned to equilibrium. The end equilibrium temperature was not sufficiently greater than 600 K to justify the use of a thermostat at the periodic boundaries. This method was repeated 15 times for each cascade energy and the mean squared displacement (MSD) for each species was determined.
Results and discussion
DFT defect energies
To generate defect structures for the initial stage of the fitting procedure energy minimisation calculations were carried out for Xe and Kr accommodation a number of sites in CeO 2 , ThO 2 , UO 2 and PuO 2 . The energies for Xe or Kr (X) incorporation into an oxygen vacancy (reaction 2), cation vacancy (reaction 3) and the bound Schottky trio (reaction 4) are reported for 5 CeO 2 , ThO 2 , UO 2 and PuO 2 (see Table 2 ):
where reactions 5-7 use Kröger-Vink notation [43] . M and X represent the cation and gas species respective. Three Schottky trio cluster configurations were considered, whereby both oxygen vacancies occupy first nearest neighbour positions with respect to the uranium vacancy and occupy either first (SD1), second (SD2) or third (SD3) nearest neighbour positions with respect to each other. For all incorporation energies into Schottky trios, the oxygen vacancy positions are allowed to reconfigure, such that the lowest energy configuration with (RHS reaction 4) or without a gas atom (LHS reaction 4) is always used. Table 2 shows that for Xe and Kr incorporation into all of the host systems, the lowest energies are predicted for the Schottky defect. The interstitial is the least favourable incorporation site, while incorporation at the cation site is more favourable than the oxygen site for all systems. Chemical interactions associated with the coordination environment of a given site are limited due to the noble gases being inert. Consequently, the lower incorporation energies can be understood in terms of a steric argument and are associated with defects that present a larger defect volume to accommodate the relatively large Xe and Kr atoms. Similarly, host systems with larger lattice parameters also present a greater volume for more favourable incorporation of Xe and Kr. By comparison with literature data [44] [45] [46] similar trends can be seen, whereby low incorporation energies are predicted in the bound Schottky trio. The DFT data from Thompson et al. [45] further supports that incorporation is more favourable at a uranium site than an oxygen site.
Fitting results
The initial set of gas parameters was iteratively refined by minimising the atomic forces predicted by the potential when using the DFT defect structures calculated in section 3.1. The empirical interatomic forces were converged to within 0.066 eVÅ -1 and 0.055 eVÅ -1 per atom against the DFT forces (in this case zero) for Xe and Kr defects respectively. MD configurations were sampled using the initial parameter set and then DFT atomic forces were calculated using those structures. Finally, the potential set was further refined to reproduce the DFT force acting on Xe or Kr in each of the MD generated structures. Forces on the host lattice were omitted from fitting due to the differences between the DFT and empirical descriptions being used (e.g. slight differences in the predicted lattice parameter). Forces on Xe and Kr were refined on average to within 0.251 eVÅ -1 and 0.224 eVÅ -1 of the DFT forces respectively. Table 1 reports the final parameter set derived for Xe-O, Xe-Ce, Xe-Th, Xe-U, Xe-Pu, Kr-O, Kr-Ce, Kr-Th, Kr-U and Kr-Pu. These parameters were derived in conjunction with the gas-gas interactions of Tang-Toennies [29] to allow mixed gas calculations. Further validation may be necessary if one wishes to use the potentials derived here with alternative gas-gas interactions. Figure 2 shows the relaxed defect structures for Xe and Kr in the SD1 defect for the 2 × 2 × 2 (DFT and empirical potential) and 10 × 10 × 10 (empirical potential only) UO 2 supercells. The structure for the host SD1 defect is shown in a) with uranium and oxygen ions represented by green and red spheres respectively. The displacements of host atoms, relative to a), due to the incorporation of Xe and Kr are represented by the color gradient in b) and c). It can be seen that in all cases, regardless of supercell size, there is agreement that the most displaced atoms are the first nearest neighbour oxygen ions. For the 2 × 2 × 2 supercell the empirical potential exhibits smaller displacements for ions beyond the first nearest neighbour positions. This may be due to the symmetric nature of the Buckingham potential leading to the atoms in one cell experiencing the displacement field from the surrounding cells. This was examined by calculating the displacement due to gas incorporation in the 10 × 10 × 10 UO 2 supercell. Here it can been seen that greater displacement is predicted for defects beyond the first nearest neighbour ions compared to the 2×2×2 supercell, giving better agreement with the DFT results. The distribution of displacements around the gas atom remains symmetrical, as expected from the centro-symmetric Buckingham potential used here combined with the symmetry of the defect.
Validation of empirical parameters
Although the agreement with force matching between DFT and the potential using static and MD based structures has been discussed, it is necessary to test the potential's predictive capabilities by comparing against properties not used during fitting. When calculating the incorporation energies in Table 2 reference energies must be used for the gas species outside of the host lattice. As there are no equivalent reference states when using the empirical potential, it is necessary to validate the potential against DFT for reactions that negate such reference states. Validation was, therefore, carried out against the binding energy of a gas interstitial with vacancy accommodation sites in CeO 2 , ThO 2 , UO 2 and PuO 2 . As neither the products nor reactants in these reactions involve any species outside the host lattice, the issue of reference energies are removed so that the DFT and empirical potential energies are directly equivalent. The potentials are validated for gas interstitial binding with an oxygen vacancy (reaction 5), a cation vacancy (reaction 6) and a bound Schottky defect (reaction 7).
In all cases the gas atom is fully incorporated with the vacancies, so that binding is in effect to the 0 th nearest neighbour configuration. The binding energies associated with these reactions are given in Figure 3 for the new empirical potential (parameters reported in Table 1 ) and for DFT using the formation energies calculated in Section 3.1 (see Table 2 ). Where possible, comparison has also been made to literature DFT results [14, [44] [45] [46] [Meis and Chartier]. Figure 3 shows similar trends for the binding energies for Xe and Kr defects in CeO 2 , ThO 2 , UO 2 and PuO 2 between the empirical potential and the DFT methods used in this paper. Additionally, For all cases binding energies are lower for Kr than Xe regardless of the system studied. This is expected as Xe has a greater atomic radius than Kr and it is, therefore, expected to exhibit stronger binding energies to vacancy defects, which provide more space relative to the interstitial site. Similarly, Xe and Kr both exhibit the most negative (strongest) binding energies with the Schottky defect across all host systems, due to the large volume presented by this defect. The data for the empirical potential developed by Chartier et al. [48] have been included in Figure 3 , revealing similar trends to the potential developed in this work. However, the new potential predicts stronger binding for all defects compared to Chartier et al.. . DFT results (partially filled columns) are reported from the literature [14, [44] [45] [46] and the present study (using Table 2 ) for comparison with the new empirical potential potential (solid columns). The empirical data of Chartier et al. [48] are also reported.
Diffusion during the ballistic phase of irradiation
Having derived a new gas potential with a focus on accurately describing behaviour over a broad range of temperatures we now have the tools necessary to investigate fission gas diffusion during irradiation. As discussed in the methodology damage cascade simulations where carried out with PKA energies of 10 keV, 25 keV, 50 keV and 75 keV. For each energy 15 PKA directions were chosen randomly so that a statistical average could be obtained. Figure 4 shows the evolution of the temperature profile during a 75 keV cascade (red and blue semi-transparent regions indicate hot and cold respectively, atoms below 600 K have been removed). The opaque spheres indicate displaced Xe atoms, whereby their color identifies the magnitude of displacement relative to the initial configuration. It can be seen that the PKA rapidly recoils and causes branching within the first 0.01 ps. Further branching occurs within the next few ps as the cascade spreads out. By 20 ps it can be seen that significant Xe displacement has occurred and the cascade is beginning to cool down. Finally by 30 ps the cascade energy has more or less fully dissipated and the Xe atoms are permanently displaced from their original configuration. Note that, although not shown here for clarity, there is also displacement of the host U and O ions. Figure 5 shows the evolution of the number of Frenkel pairs, counted using a Wigner-Seitz analysis, and the mean squared displacement of U, O and Xe during the simulation of a 75 keV damage cascade. It can be seen that initially the number Frenkel pairs increases and quickly reaches a peak. Subsequently, the lattice recovers leaving residual damage in the lattice. On the contrary the mead squared displacement of all three species increase and, although it oscillates due to shock waves, it does not recover. As the lattice recovers the species settle down at lattice sites displaced from the original configuration; atomic mixing has occurred. The simulation was continued for an additional 100 ps until the oscillations had settled down. This was repeated for several PKA energies and the mean squared displacement of U, O, Kr and Xe as a function of PKA energy is shown in Figure 6 . It is clear that O and Kr mix the most during cascade simulations and U the least, while Xe lies in between. This is more clearly seen by calculating the mean squared displacement per unit PKA energy, from which the diffusivity can be calculated (see Figure 7 ) using the typical in-reactor cascade parameters reported previously [49] . The estimated diffusivity is around 2 orders of magnitude too low compared to the experiment data of Turnbull et al. [7] . Thus, the ballistic phase of radiation damage does not account for all of the atomic mixing. It is hypothesised that the majority of atomic mixing must occur during the electronic stopping phase, which has been investigated by thermal spike calculations.
Diffusion during the electronic stopping phase of irradiation
Preliminary thermal spike calculations to investigate the electronic stopping phase have been carried out for cylindrical spikes with 30 keV/nm, 50 keV/nm and 70 keV/nm. As for the cascade simulations, this results in a very high energy event at the center of the simulation cell that gives rise to significant atomic mixing. Figure 8 shows the high temperature region of a thermal spike 70 ps after its initiation, semi-transparent spheres indicate the local temperature and atoms at 600 K or below have been removed. The opaque balls represent displaced Xe, whereby the color indicates the displacement relative to the original configuration. The cylindrical shape of the thermal spike is evident and a great deal of atomic mixing has occurred in the middle of the spike where the lattice has melted. Figure 9 shows the preliminary results from 3 thermal spikes that have ran for 127 ps for the mean squared displacement of U, O and Xe as a function of energy deposited into the lattice per unit length. It is clear that O diffusion exceeds that of Xe, which exceeds that of U, in agreement with the results on the ballistic phase ( Figure 6 ). Repeats must be conducted at these energies, in addition to further low energy calculations to determine if there is a cut off energy below which diffusion does not occur for the electronic phase. Subsequently, it will be possible to examine the hypothesis that electronic stopping fully accounts for the discrepancy between experiments and the cascade simulations reported in section 3.4. However, we can already assert that fission gas mobility in the athermal diffusion regime lies between that of O and U. It is important to note that the MSD in Figures 6 and 9 are not directly comparable due to the different box sizes and the units on the x-axis. Work is ongoing to derive a value for diffusivity during the electronic phase that can be compared to the ballistic phase. Residual damage formed during the thermal spike can be seen in Figure 10 as three loop dislocations and a line dislocation. Future work should be done to investigate whether these extended defects can trap fission gas and initiate bubble formation, however this is beyond the scope of this work. Futhermore, the possibility that the diffusion behaviour may change by running a second thermal spike calculation on the damaged region of crystal should be studied.
Conclusions
Understanding the behaviour of fission gases in nuclear fuel is crucial for the safe and efficient operation of nuclear reactors. Atomistic simulations provide a useful tool for investigating the underlying mechanisms that govern fission gas behaviour. As such, empirical potentials that the simulations rely upon are continuously improved. In particular, when investigating diffusion due to irradiation it is important to have a potential set that can accurately describe behaviour over a broad range of temperatures. To this end we have developed a set of Xe and Kr Buckingham potentials for use with the many-body CRG potential, which was shown to more accurately describe the thermophysical properties of actinide oxides and their solid solutions over from 300 K to 3000 K. Fitting was carried out by force matching to DFT using MD generated configurations of Xe and Kr in CeO 2 , ThO 2 , UO 2 and PuO 2 at 300 K, 1500 K, 3000 K and 5000 K. This ensures the potentials provide a reasonable description of gas interactions with the host systems for Xe and Kr coordination environments relevant to the wide range of Figure 10 : Visualization of a 30 keV/nm thermal spike calculation 127 ps following initiation. The color represents the local temperature (red and blue being hot and cold respectively) and atoms with kinetic energy below the background temperature of 600 K are removed. One line dislocation and three dislocation loops are visualized using grey surfaces.
temperatures experienced by nuclear fuel. The potential set is validated against literature and newly presented DFT binding energies for an interstitial gas atom being accommodated into cation, oxygen and bound Schottky vacancies. The potential parameter set creates the possibility of investigating Xe and Kr in CeO 2 , ThO 2 , UO 2 and PuO 2 including solid solutions of these end members.
Using the new potential the role of radiation damage in the low temperature diffusion of fission gas has been investigated. It was shown by cascade calculations that the ballistic phase of radiation damage is insufficient to account fully for the experimentally observed fission athermal gas contribution. Preliminary results using the thermal spike method has been implemented to study the electronic phase of irradation. Further repeats must be carried out to quantify the contribution of the electronic stopping phase and identify if this resolves the disagreement between experiment and modelling.
